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We show that a quantum dot in the fractional Hall regime exhibits mesoscopic
magnetic oscillations with a period which is a multiple of the period for free elec-
trons. Our calculations are performed for parabolic quantum dots with hard-core
electron-electron interactions and are exact in the strong field limit for kBT smaller
than the fractional Hall gap. Explicit expressions are given for the temperature
dependence of the amplitude of the oscillations.
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2Advances in nanofabrication technology have made it possible to realize artificial sys-
tems in which electrons are confined to a small area within a two-dimensional electron
gas. There has been considerable interest in the physics of electron-electron and electron-
hole interactions in these ‘quantum dot’ systems1. Recent experiments have demonstrated
the possibility of probing their properties in the regimes of the integer2 and fractional3
quantum Hall effects4. The quantum Hall effect occurs whenever a system has a chemical
potential discontinuity in the thermodynamic limit at a magnetic field dependent density.
The fractional Hall gaps occur because of electron-electron interactions. Their microscopic
origin is understood in some detail and that understanding is exploited here to discuss
the thermodynamic properties of parabolic quantum dot systems in the fractional quan-
tum Hall regime. Our calculations are exact within the hard-core model5,6 which may be
considered as an ideal model of the fractional quantum Hall effect. We show that in the
regime where the electronic ground state of the dot is the Laughlin7 state which occurs
at filling factor ν = 1/m in the bulk, all thermodynamic properties of electrons in the dot
have a component which is periodic in the magnetic flux through the area of the dot with
period mΦ0. (Here Φ0 ≡ hc/e is the electronic magnetic flux quantum.)
We consider a system of electrons in contact with a particle reservoir with chemical
potential µ and confined to a finite area of a two dimensional electron gas by a parabolic
potential, V (r) = 12mΩ
2r2. We measure the chemical potential with respect to the two-
dimensional subband energy and define a nominal radius, R, for the quantum dot system
in terms of the radius where the parabolic confining potential equals the amount by which
the chemical potential exceeds the quantized kinetic energy of the lowest Landau level;
1
2mΩ
2R2 ≡ µ − hbarωc/2. (Here ωc = eB/mc is the cyclotron frequency.) In the strong
magnetic field limit where Ω/ωc ≪ 1 only the states in the lowest Landau level are relevant.
(Here ωc = eB/mc is the cyclotron frequency.) In the symmetric gauge the single particle
states (φl(z) ∼ zl exp(−zz¯/4ℓ2)) in this level may be labeled by angular momentum and
3have energy1 ǫl = h¯ωc/2 + γ(l+ 1) where γ = mΩ
2ℓ2. (Here z = x+ iy is the 2D electron
coordinate expressed as a complex number, ℓ ≡ (h¯c/eB)1/2 is the magnetic length, and
the allowed values of single particle angular momentum within the lowest Landau level are
l = 0, 1, 2, ....)
Many-fermion states in the lowest Landau level may be described in a boson language8,9
which will prove useful in the fractional Hall regime. The mapping between boson and
fermion descriptions can be understood in terms of a useful property of many-fermion
wavefunctions within the lowest Landau level. Any many-fermion wavefunction in this
level may be expressed in the form
Φ[z] = P (z1, z2, ..., zN)
∏
k
exp(−zk z¯k/4ℓ2) (1)
where P [z] is an antisymmetric polynomial. Since P [z] must vanish whenever any two
coordinates are identical it follows that
P [z] =
∏
i<j≤N
(zi − zj)Q(z1, z2, ..., zN) (2)
where Q[z] is a symmetric polynomial. The fractional quantum Hall effect is related to
the existence of classes of low-energy many-body states where the probability amplitude to
find any pair of electrons in a state of relative-angular-momentum less thanm is identically
zero. States in these classes have wavefunctions of the form
P [z] =
∏
i<j≤N
(zi − zj)mQ(z1, z2, ..., zN) (3)
In the bulk such states exist only10,8,11 when the Landau level filling factor ν ≤ 1/m and
the chemical potential jumps with increasing density at ν = 1/m as a consequence. In
hard-core models6,5 electrons interact only when their relative-angular-momentum is less
than 1/m so that the interaction energy is identically zero in the corresponding class of
low-energy states. For a quantum dot with average ν < 1/m only these low-energy states
4are relevant at temperatures low compared to the fractional Hall gap and it is useful to
consider a model where the high-energy states are excluded from the Hilbert space. (The
relationship between hard-core models and realistic models is discussed in more detail
below.) The products Q[z]
∏
k exp(−zkz¯k/4ℓ2) are wavefunctions for N bosons occupying
states with l ≥ 0. Since the low-lying excitations are completely described in terms of the
set of symmetric polynomials Q, it follows that for ν < 1/m, the number of low-energy N -
fermion wavefunctions at total angular momentum MF equals the number of independent
N -boson wavefunctions, g(N,MB), at total angular momentum
MB =MF −mN(N − 1)/2. (4)
As we show below many properties of an ideal parabolic quantum dot in the integer or
fractional quantum Hall regimes can be expressed in terms of g(N,MB).
We evaluate g(N,MB) using an iterative procedure in which single-particle angular
momenta are added incrementally to the boson Hilbert space. Define gk(N,MB) to be the
value of g(N,MB) when only single-particle angular momenta from 0 to k are included
in the boson Hilbert space. g0(N,M) = δM,0 since there is only one boson state for any
number of electrons and it has total angular momentum equal to zero. When an additional
single particle state is added to the boson Hilbert space we have the possibility of having
any number of bosons in that state:
gk(N,M) =
N∑
N ′=0
gk−1(N −N ′,M − kN ′) (5)
(Note that gk(N,M) ≡ 0 for M < 0.) For k ≥ M , gk(N,M) = g(N,M) is independent
of k. Also, for N ≥ M , gk(N,M) ≡ gk(M) is independent of N . Combining these, for
k,N ≥ M , gk(N,M) = g(M). In Fig.[1] we plot s(N,M) ≡ ln g(N,M) against M1/2 for
several values of N . For N ≥M , the total number of states of boson angular momentum
M can also be identified from the coefficients of the Taylor series expansion for the boson
5partition function12
ZBk (βγ) =
k∏
k′=1
1
1− exp(−βγk′) =
∞∑
M=0
gk(M) exp(−βγM). (6)
As shown in Fig.[1], for large M s(M) ∼√2/3πM1/2 ∼ 2.5650997M1/2 with logarithmic
corrections. This result can be obtained by comparing the mean values of the total boson
momentum calculated from the two forms for the right-hand side of Eq. (6) in the limit
of large k and high temperatures. In this limit, lnZB → π2/(6βγ).
To evaluate thermodynamic properties of the quantum dot we need only note that
the energy of a fermion state in the class specified by Eq. (3) is determined by the total
number of electrons and the total angular momentum:
E(N,MF ) = γ(N +MF ) = γ[N +mN(N − 1)/2 +MB]. (7)
It follows that the grand partition function for the dot is given by
ZG =
∞∑
N=0
∞∑
MB=0
P (N,MB), (8)
where
P (N,MB) = g(N,MB) exp
(
βγ[NNφ −mN(N − 1)/2−N ]
)
exp(−βγMB), (9)
β = 1/(kBT ), and
Nφ = (µ− h¯ωc/2)/γ = BπR2/Φ0. (10)
Nφ is the number of flux quanta passing through the nominal area of the dot. Thermo-
dynamic mean values of any quantity f expressible in terms of MF or N are now easily
evaluated:
〈f(N,MF )〉 = Z−1G
∞∑
N=0
∞∑
MB=0
f [N,MB +mN(N − 1)/2]P (N,MB). (11)
6In Fig.[2] we show plots of the Nφ dependence
13 of the magnetization of the dot for m = 1.
We remark that in this system the magnetization M = 〈E〉/B.14 Note that as expected
the magnetization has a component which is periodic in Nφ with period one. The results
for m = 1 are closely related to those for non-interacting electrons discussed previously by
Sivan and Imry15 and are precisely equivalent to those trivially obtained by treating the
system as a free fermion system. The equivalence of the present Bose description and the
Fermi description is closely related to the bosonization transformations16 which permit the
exact treatment of models of a one-dimensional electron gas. (See below.) The utility of
the Bose description is in treating the case m 6= 1, where the system is not equivalent to a
free Fermi gas. In Fig.[3] the mesoscopic magnetization oscillations are shown for the case
of a fractional Hall quantum dot with m = 3. Note that in this case the magnetization
has a component periodic in Nφ with period three.
We can derive an analytic expression for the magnetization which is valid for Nφ ≫ 1.
In this limit g(N,MB) = g(MB) for all MB contributing importantly to the partition
function. Then the grand partition function factors into a boson part which describes all
neutral excitations of the system and a part which describes the charged excitations:
ZG = ZB exp(−βΩ∗)
∞∑
N=0
f(N + 1/2), (11)
where f(x) = exp[−βγm(x−x∗)2/2], x∗ = Nφ/m+1− 1/m, and Ω∗ = −γ[N2φ− 2Nφ(1−
m/2)+(1−m/2)2]/2m. The boson excitations represent charge density oscillations at the
edge of the dot16,17. The sum over particle numbers can be performed using the Poisson
summation formula with the result
ZG = ZB exp(−βΩ∗)(
2π
βγm
)1/2
[
1 + 2
∞∑
s=1
(−)s exp(−2π2s2/βγm) cos(2π(Nφ − 1)s/m)
]
.
(12)
Except at very low temperatures the first term inside square brackets will dominate. An
7elementary calculation then leads to the following expression for the magnetization:
M =
γ
B
[
π2
6(βγ)2
+
N2φ
2m
− (1−m/2)
2
2m
+
1
2βγ
]
+Mosc (13)
where
Mosc =
γ
B
[
4πNφ
mβγ
sin(2π(Nφ − 1)/m) +
4π2
m(βγ)2
cos(2π(Nφ − 1)/m)
]
exp(−2π2/βγm)
(14)
This expression for the magnetization agrees well with the numerical results shown in
Fig.[2] and Fig.[3].
For a given chemical potential and parabolic confinement the ground state is deter-
mined by a competition between the confinement energy, which favors ground states of
higher density (low total angular momentum) and the interaction energy which favors
ground states of lower density (higher total angular momentum.) This competition has
been discussed on the basis of exact diagonalization studies for extremely small quantum
dots by Maksym and Chakraborty18. For fixed chemical potential, the area of the dot
2π(µ− h¯ωc/2)/(mΩ2) will decrease with magnetic field, hence decreasing the strength of
the confinement. The ground state for fixed electron number will jump between different
incompressible states. For the hard-core model the ground state will be the m = 3 Laugh-
lin state whenever the confinement potential at the edge of the dot is weak compared to
the hard core potential strength.19. For realistic Coulomb interactions the dot density is
determined primarily, except at extremely small dot sizes, by a competition between the
Hartree interactions in the dot and the confining potential. The average filling factor in
the dot at strong fields will be approximately the lesser of one and19
ν = 〈N〉1/3
(
3π
√
2
8
γℓ
e2
)2/3
. (15)
When correlations which favor particular densities are taken into account the ground state
for fixed N will be well-approximated by the finite N Laughlin wavefunctions over finite
8ranges of magnetic field strength when the average filling factor is near 1/m. We expect
that the results shown in Fig.[3] will apply for realistic interactions when the average filling
factor is near 1/3. Experimentally determined values2 of the curvature of the parabolic
potentials give values of γ/kB in excess of 0.1K so that the effects shown in Fig.[2] and
Fig.[3] should be visible at accessible temperatures. Similar mesoscopic oscillations occur
in all thermodynamic properties19 of the quantum dots and presumably in all physical
properties. For example we may expect that the conductance of the dot, which is more
easily measured than thermodynamic properties of the dot, is closely related20 to the
particle number fluctuations in the dot.
The oscillations shown in Fig.[3] reflect a fundamental property of fractional Hall states.
Near ν = 1/3 the properties of the system in contact with a particle reservoir have con-
tributions which are periodic in Nφ with period three. These oscillations express the fact
that on average one electron is added to the system for each three additional flux quanta.
Hence they can be observed only when the field dependence is studied at fixed chemical
potential rather than fixed particle number. The quantized Hall conductance is propor-
tional to the charge added to the system per flux quantum in the thermodynamic limit,
e.g., e/3 for ν = 1/3. To obtain this result using an effective theory of non-interacting
fermions21 would require the fermions to have a charge e/
√
3. Such a theory would would
give mesoscopic oscillations with an incorrect period.
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FIGURE CAPTIONS
1. s(N,M) ≡ ln g(N,M) vs . M1/2. The larger ‘entropy’ is for N =∞ and the smaller
is for N = 10. The dashed line is
√
2/3πM1/2.
2. Magnetic oscillations of non-interacting electrons in a parabolic quantum dot at
βγ = 10 and at βγ = 1. (The curve with larger oscillations is for lower temperature.)
The plotted quantity is M + µBN − (γ/2B)(N2φ − 1/4). These results are valid for
βh¯ωc ≫ 1.
3. Magnetic oscillations of electrons with hard-core interactions in a parabolic quantum
dot with ν < 1/3 at βγ = 10 and at βγ = 1. The plotted quantity is M + µBN −
(γ/6B)(N2φ−1/4). These results are valid for βV ≫ 1 where V is the strength of the
hard core interaction.
